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Recently, Sorce and Wald have suggested a new version of the gedanken experiments to overspin
or overcharge the Kerr-Newman black holes in Einstein-Maxwell gravity. Following their setup, in
this paper, we investigate the weak cosmic censorship conjecture (WCCC) in the static Einstein-
Born-Infeld black holes for the Einstein gravity coupled to nonlinear electrodynamics. First of all,
we derive the first two order perturbation inequalities of the charged collision matter in the Einstein-
Born-Infeld gravity based on the Iyer-Wald formalism as well as the null energy conditions of the
matter fields and show that they share the same form as these in Einstein-Maxwell gravity. As
a result, we find that the static Einstein-Born-Infeld black holes cannot be overcharged under the
second-order approximation after considering these inequalities. Our result at some level hints at
the validity of the weak cosmic censorship conjecture for string theory.
I. INTRODUCTION
A naked singularity, which is not hidden behind a black
hole horizon will lead to the invalidity of predictability
and deterministic nature of general relativity as classi-
cal theory. Therefore, Penrose formulated the weak cos-
mic censorship conjecture (WCCC) to postulate that any
physical process cannot destroy the event horizon of the
black holes [1]. To test the validity of the WCCC, in
1974, Wald proposed a gedanken experiment to overspin
or overcharge an extremal Kerr-Newman (KN) black hole
by throwing a test partical[3]. He showed that an ex-
tremal KN black hole cannot be destroyed in this way.
However, it was found by Hubeny[4–9] that the nearly
extremal KN black hole can be destroyed by absorbing
a test particle, which received lots of attention and was
followed by extensive studies in various theories[10–26].
However, there are two important assumptions under-
lying the above experiments. The collision matter in con-
sideration is a test particle and the correction of the con-
served charges for the black hole is only at the level of the
first-order perturbation. Therefore, Sorce and Wald [27]
have recently suggested a new version of gedanken exper-
iments where the second-order correction of the mass, an-
gular momentum, and charge are taken into account. In
this version, they straightly consider the collision mat-
ter source rather than the test particle. Based on the
Iyer-Wald formalism [28] as well as the null energy con-
dition, they obtained the first two perturbation inequal-
ities of the collision matters. As a result, they showed
that the WCCC is still valid for the KN black holes un-
der the second-order approximation with consideration
of the second-order perturbation inequality.
Most recently, this new version has also been stud-
ied in the 5-dimensional Myers-Perry black holes [29],
higher-dimensional charged black holes [30], charged dila-
ton black holes [31], RN-AdS black holes [32] as well as
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Kerr-Sen black holes [33]. Although they showed that
WCCC is well protected for the nearly extremal case of
these black holes after considering the second-order per-
turbation inequality, there is still a lack of the general
proof of the WCCC. Therefore, it is necessary for us to
test it in various theories, especially those of some re-
markable different properties. We can see that all of the
theories mentioned above are only coupled to the lin-
ear gauge fields. However, if the quantum corrections or
the string modifications are taken into account, nonlinear
terms of the gauge fields should be added to the Einstein-
Hilbert action. Thus, we want to ask whether the WCCC
is also valid for the Einstein gravity with nonlinear elec-
trodynamics which is modified by the string theory. And
the investigation of the WCCC in these theories can give
a further understanding of the causal structure of the
string theory. As one of the most interesting gravitational
theories coupled to nonlinear electrodynamics, the Born-
Infeld electrodynamics is the effective theory of the vector
modes of open string and dynamics of D-branes[34, 35].
Therefore, in the following of this paper, we would like
to consider the Hubeny scenario in the Einstein-Born-
Infeld (EBI) black holes by this new version of gedanken
experiments and investigate whether the WCCC can be
restored when the second-order correction is taken into
consideration.
Our paper is organized as follows. In the next
section, we review the Iyer-Wald formalism for gen-
eral diffeomorphism-covariant theories and show the
corresponding variational quantities. In Sec. III, we
focus on a static charged black holes and show the
corresponding conserved charges in the 4-dimensional
Einstein-Born-Infeld gravity. In Sec. IV, we present the
setup for the new version of the gedanken experiment
and derive the first two order perturbation inequalities
for the optimal first-order perturbation of the EBI black
holes. In Sec. V, we examine the Hubeny scenario
from the new version of the gedanken experiment when
the second-order perturbation inequality is considered.
Finally, the conclusions are presented in Sec. VI.
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2II. IYER-WALD FORMALISM IN A
DIFFEOMORPHISM-COVARIANT GRAVITY
The new version of the gedanken experiments pro-
posed by Sorce and Wald to destroy a black hole be-
gins with considering an off-shell variation of a general
diffeomorphism-covariant theory on a four-dimensional
oriented manifold M with the lagrangian four-form L
which is constructed locally out of the metric gab and
other fields ψ. Following the notation in [28], we use
φ = (gab, ψ) to denote all dynamical fields. Performing a
variation of the lagrangian L, we have
δL = Eφδφ+ dΘ(φ, δφ) , (1)
where Eφ = 0 gives the equations of motion (EOM) of
this gravitational theory, and Θ is the symplectic po-
tential three-form which is a linear function of δφ. The
symplectic current three-form can be defined by
ω(φ, δ1φ, δ2φ) = δ1Θ(φ, δ2φ)− δ2Θ(φ, δ1φ) . (2)
If the variation is generated by an infinitesimal diffeo-
morphism which is related to the vector field ζa, we can
replace δ by Lζ in (1). Then, the Noether current three-
form Jζ associated with ζ
a can be defined by
Jζ = Θ(φ,Lζφ)− ζ ·L . (3)
It has been shown in [28] that this Noether current can
be generally expressed by
Jζ = Cζ + dQζ (4)
where Qζ is the two-form Noether charge related to ζ
a
and Cζ = ζ
aCa are the constraints of the theory, i.e.,
Ca = 0 for the on-shell dynamical fields.
By virtue of the diffeomprphism invariance, we can
keep ζa fixed. If ζa is a Killing vector field and the back-
ground fields satisfy the EOM, we can further obtain the
first two variation identities of the collision matter,
d[δQζ − ζ ·Θ(φ, δφ)] = ω (φ, δφ,Lζφ)− ζ ·Eδφ− δCζ ,
d[δ2Qζ − ζ · δΘ(φ, δφ)] = ω (φ, δφ,Lζδφ)
− ζ · δEδφ− δ2Cζ .
(5)
As mentioned in the introduction, in what follows, we
would like to study the static EBI black holes. Therefore,
here we consider the case where the background space-
time is asymptotic flat and static with a timelike Killing
vector field ξa which is normalized at asymptotic infinity.
Utilizing this Killing vector, the ADM mass of this black
hole can be expressed in the following form
δM =
∫
∞
[δQξ − ξ ·Θ(φ, δφ)] . (6)
After replacing ζ by ξ and integrating the perturbation
identities (5) on the hypersurface Σ with a cross section
B of the horizon and the spacial infinity as its boundaries,
we have
δM =
∫
B
[δQξ − ξ ·Q(φ, δφ)]−
∫
Σ
δCξ ,
δ2M =
∫
B
[
δ2Qξ − ξ · δQ(φ, δφ)
]
−
∫
Σ
ξ · δEδφ−
∫
Σ
δCξ + EΣ(φ, δφ) ,
(7)
where we denote
EΣ(φ, δφ) =
∫
Σ
ω(φ, δφ,Lξδφ) . (8)
III. EBI GRAVITY AND ITS STATIC
SOLUTION
In this section, we consider the four-dimensional EBI
theory [36, 37], where the lagrangian can be expressed by
the following form
L =
1
16pi
[R− h(F)]  (9)
with the nonlinear electromagnetic term
h(F) = β
2
4
(
1−
√
1 +
F
2β2
)
, (10)
where we denote F = FabF ab with the electromagnetic
strength F = dA, β is the Born-Infeld parameter be-
ing equal to the maximum value of electromagnetic field
intensity. According to this action, we can obtain the
symplectic potential,
Θ(φ, δφ) = ΘGR(φ, δφ) + ΘBI(φ, δφ) (11)
with
ΘGRabc(φ, δφ) =
1
16pi
dabcg
degfg (∇gδgef −∇eδgfg) ,
ΘBIabc(φ, δφ) = −
1
4pi
dabcG
deδAe .
(12)
Here we have defined
G = h′(F)F . (13)
The Noether charge is given by
Qξ = Q
GR
ξ +Q
BI
ξ , (14)
where (
QGRξ
)
ab
= − 1
16pi
abcd∇cξd ,(
QBIξ
)
ab
= − 1
8pi
abcdG
cdAeξ
e .
(15)
The constraints can be shown as
Cabcd = ebcd (Ta
e +Aaj
e) , (16)
3where we denote
Tab =
1
8pi
Gab − TBIab , ja =
1
4pi
∇aGab , (17)
with
TBIab =
1
4pi
[
GacFb
c − 1
4
gabh(F)
]
. (18)
If there are some additional charged matter sources,
T ab and ja are nonvanishing and they correspond to
the stress-energy tensor as well as the electromagnetic
charge-current of the additional matter. And T ab = ja =
0 gives the EOM of the on-shell fields. As mentioned
above, here the background spacetime we considered is
static, which means LξA = ξ · F + d (ξ ·A) = 0. Since
ξ ·A is a constant on the horizon, we have
ξaG
ab ∝ ξaF ab ∝ ξb (19)
on the horizon. From (12), the symplectic current for the
EBI theory can be written as
ω(φ, δ1φ, δ2φ) = ω
GR
abc + ω
BI
abc , (20)
where
ωGRabc =
1
16pi
dabcw
d ,
ωBIabc =
1
4pi
[
δ2
(
dabcG
de
)
δ1Ae − δ1
(
dabcG
de
)
δ2Ae
]
,
(21)
in which we denote
wa = P abcdef (δ2gbc∇dδ1gef − δ1gbc∇dδ2gef ) (22)
with
P abcdef = gaegfbgcd − 1
2
gadgbegfc − 1
2
gabgcdgef
− 1
2
gbcgaegfd +
1
2
gbcgadgef .
(23)
We next restrict on the static EBI black hole solution
in this theory. The line element as well as the electro-
magnetic field can be read off [37]
ds2 = −f(r)dt2 + 1
f(r)
dr2 + r2dθ2 + r2 sin2 θdφ2 ,
A = −QK(r)
r
dt ,
(24)
where
f(r) = 1− 2M
r
+
q(r)2
r2
(25)
is the blackening factor with
q2(r) =
2β2r4
3
(
1−
√
1 +
Q2
β2r4
)
+
4Q2K(r)
3
. (26)
Here we have denoted
K(r) = 2F1
(
1
4
,
1
2
,
5
4
,− Q
2
β2r4
)
(27)
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FIG. 1. Plot showing the radial dependence of blackening
factor f(r) for different values of electric charge Q. Here we
have set M = 1 and β = 4.
and 2F1 is the Gaussian hypergeometric function, M and
Q are associated with the mass and electric charge of this
black hole. According to Fig.1, we can see that this line
element (24) has two types of black hole solutions, i.e.,
the single-horizon and double-horizons black hole solu-
tions. The radius rh of the event horizon is the largest
root of f(rh) = 0. The corresponding surface gravity,
area, and electric potential of the black hole can be shown
as
κ =
f ′(rh)
2
, AH = 4pir2h , ΦH =
QK(rh)
rh
. (28)
For the double-horizons case, there exists an extremal
black hole solution. By solving the equations f ′(re) =
f(re) = 0, we can obtain
M =
re
3
+
(
2re
3
+
1
6reβ2
)
K(re) ,
Q2 = r2e +
1
4β2
(29)
with the horizon radius re for the extremal EBI black
hole.
IV. PERTURBATION INEQUALITIES IN EBI
GRAVITY
In this section, following the setup of the new version
of gedanken experiments proposed by Sorce and Wald
[27], we turn to derive the second two order inequalities
in the EBI gravitational theory based on the null energy
condition of the matter fields. Now, we consider the sit-
uation where the static EBI black hole is perturbed by a
one-parameter family additional charged matter source
which is only nonvanishing in a compact region of the
4future horizon. The EOM of the dynamical fields can be
written as
Rab(λ)− 1
2
R(λ)gab(λ) = 8pi
[
TBIab (λ) + Tab(λ)
]
,
∇(λ)a Gab(λ) = 4pija(λ) .
(30)
Because the background geometry is the EBI black hole,
we have T ab = 0 and ja = 0 for the background fields,
where we denote χ = χ(0) to the background quantity χ.
With a similar consideration to [27], here the EBI black
holes are also assumed to be linearly stable under per-
turbations, i.e., any source-free solution to the linearized
equation of motion (24) will approach a perturbation to-
wards another EBI black hole at sufficiently late times.
Therefore, we can always choose the hypersurface such
that Σ = H ∪ Σ1. Here H is a portion of the future
horizon which is bounded by the bifurcate surface B of
the background spacetime as well as the very late cross
section B1 where the matter source vanishes. Σ1 is a
spacelike hypersurface connected B1 and spatial infinity
where the dynamical fields is described by the static EBI
solutions (24).
According to above setup, we can see that the pertur-
bation vanishes on the bifurcation surface B. Since the
background fields are source free and satisfy the EOM
Eφ = 0, the first-order perturbation identity (7) can be
reduced to
δM = −
∫
H
ebcd [δTa
e +Aaδj
e] ξa , (31)
where we used the fact that T ab = ja = 0 in the back-
ground spacetime. Without loss of generalization, we can
choose the gauge of the electromagnetic field A such that
the electric potential Φ = −ξaAa vanishes at asymptotic
infinity. Then, it will be a constant on H. According to
the electromagnetic part of (17), we can further obtain
−
∫
H
ebcdξ
aAaδj
e = ΦHδ
[∫
H
ebcdj
e
]
=
1
4pi
ΦHδ
[∫
H
ebcd∇aGea
]
=
1
8pi
ΦHδ
[∫
B1
ebcdG
eb −
∫
B
ebcdG
eb
]
= ΦHδQ
(32)
with the electric charge of the black hole
Q =
1
8pi
∫
∞
ebcdG
eb =
1
8pi
∫
B1
ebcdG
eb . (33)
Here we have used the Gaussian theorem as well as the
facts that the background field is source free and the
current ja vanishes on Σ1. Using this result, Eq. (31)
becomes
δM − ΦHδQ =
∫
H
˜δTabk
aξb ≥ 0 (34)
where the null energy condition δTabk
akb ≥ 0 has been
used, and ˜ is the volume element on the horizon, which
can be obtained from ebcd = −4k[e˜bcd] with the future-
directed normal vector ka ∝ ξa on the horizon. From
Fig.1, we can see that for the single-horizon black holes
in the EBI theory, the horizons will not be broken, while
for the double-horizons black holes, the naked singularity
can be obtained by adding the charge of the spacetime,
which means the optimal choice to violate the EBI black
hole is to saturate (34), i.e., the energy flux through the
horizon vanished for the first-order non-electromagnetic
perturbation. Then, (34) comes
δM − ΦHδQ = 0 . (35)
Next, we consider the second-order perturbation in-
equality under the above optimal condition. By per-
forming a similar analysis to the first-order result, we
can further obtain
δ2M = −
∫
H
ξ · δEφδφ−
∫
H
δCξ + EΣ(φ, δφ)
= −
∫
H
δCξ + EΣ(φ, δφ) .
(36)
Here the integrals in the last two terms only depend on
the surface H because the dynamical fields satisfy the
source-free EOM on the hypersurface Σ1, i.e., we have
Eφ(λ) = C(λ) = 0 on Σ1. At the last step, we used the
fact that ξa is tangent to the horizon. By considering
the optimal condition of the first-order perturbation, i.e.,
δTab vanishes on the horizon, with similar analysis with
the first-order perturbation inequality, Eq. (36) reduces
to
δ2M − ΦHδ2Q = EΣ(φ, δφ) +
∫
H
˜δ2Tabξ
akb
≥ EH(φ, δφ) + EΣ1(φ, δφ) .
(37)
where we have used the energy condition for the second-
order perturbed stress-energy tensor of the collision mat-
ter in the last step and imposed the condition ξaδAa|H =
0 by a gauge transformation [27]. The first term of the
right side in (37) can be decomposed into
EH(φ, δφ) =
∫
H
ωGR +
∫
H
ωBI . (38)
According to [27], the gravitational part in above expres-
sion is given by∫
H
ωGR =
1
4pi
∫
H
(ξa∇au)δσacδσbc˜ ≥ 0 . (39)
For the EBI part, according (21), we have
ωBIabc =
1
4pi
dabc
[
δAeLξδGde − δGdeLξδAe
]
+
1
4pi
[
(Lξδdabc)GdeδAe − δdabcGdeLξδAe
]
.
(40)
By considering the gauge condition ξaδAa = 0 on the
horizon as well as the assumption that the background
5fields satisfy Eq. (19), the last two terms vanish. Then,
Eq. (40) can be written as
ωBIabc =
1
4pi
Lξ
(
dabcδAeδG
de
)− 1
2pi
dabcδG
deLξδAe .
(41)
Using the Stoke’s theorem, the integral over H of the
first term on the right side will only contribute a bound-
ary term at B1. According to the stability assumption,
φ(λ) on B1 is the EBI solution. That is to say, δGab
also satisfies Eq. (19). Together with the gauge condi-
tion ξaδAa = 0 on H, the first term of (41) makes no
contribution to (40). Combining above results, we have
EH(φ, δφ) = − 1
2pi
∫
H
dabcδG
deLξδAe
=
∫
H
˜ξakb
(
δ2TBIab
) ≥ 0 , (42)
where we also used the null energy condition for the elec-
tromagnetic stress-energy tensor. Finally, (37) reduces
to
δ2M − ΦHδ2Q ≥ EΣ1(φ, δφ) . (43)
Now we are left out to evaluate EΣ1(φ, δφ). To calcu-
late it, we follow the trick introduced in [27], and write
EΣ1(φ, δφ) = EΣ1(φ, δφBI), where φBI is introduced by
the variation of a family of dilaton black hole solutions
(24),
MBI(λ) = M + λδM ,
QBI(λ) = Q+ λδQ ,
(44)
where δM and δQ chosen to be in agreement with the
first order variation of the above optimal perturbation
by the matter source. From the variation (44), one can
find δ2M = δ2Q = δE = δ2C = EH(φ, δφBI) = 0. Thus,
from the second expression of (7), we have
EΣ1(φ, δφBI) = −
∫
B
[
δ2Qξ − ξ · δΘ(φ, φBI)
]
. (45)
Since ξa = 0 on the bifurcation surface B, we have
EΣ1(φ, δφBI) = −
κ
8pi
δ2ABIB . (46)
Therefore, the second-order inequality becomes
δ2M − ΦHδ2Q ≥ − κ
8pi
δ2ABIB . (47)
Here ABIB (λ) is the area of the bifurcation surface B for
the static EBI black hole with mass MBI(λ) and charge
QBI(λ). From the line element (24) of EBI black holes,
we can see that the right sight of the inequality (47) can
be evaluated by taking two variations of the area formula
AB = 4pir
2
h. Using the fact that
f
(
rBIh (λ),M
BI(λ), QBI(λ)
)
= 0 , (48)
and taking a variation of this equation, we can obtain
δrBIh =
2rhδM − 2QK(rh)
rh(1 + 2r2hβ
2 − 2βγ) , (49)
where we denote
γ =
√
Q2 + r4hβ
2 . (50)
Considering the optimal choice of the first-order pertur-
bation, we can see that the first-order variation of the
horizon radius δrBIh vanishes. By taking two variation of
equation (48) and using the optimal condition δrBIh = 0,
we can further obtain
δ2rBIh = −
δQ2[r2hβ/γ +K(rh)]
rh(1 + 2r2hβ
2 − βγ) . (51)
Then, we have
δ2ABIB = 8pi
[
(δrBIh )
2 + rhδ
2rBIh
]
= 8pirhδ
2rBIh
= −8piδQ
2[r2hβ/γ +K(rh)]
1 + 2r2hβ
2 − βγ
(52)
By using the expression of the surface gravity
κ =
1 + 2r2hβ
2 − βγ
2rh
, (53)
the second-order inequality can be further obtained,
δ2M − ΦHδ2Q ≥
δQ2
[
r2hβ + γK(rh)
]
2γrh
. (54)
V. GEDANKEN EXPERIMENTS TO DESTROY
A NEARLY EXTREMAL BLACK HOLE
In the last section, we obtained the first two order
perturbation inequalities. Next, we will perform them
into testing the WCCC in the EBI black holes under the
second-order approximation. As mentioned in the last
section, we know that the WCCC is valid for the single
horizon EBI black holes and therefore we only discuss
the double-horizons cases in the following. For a double-
horizons black hole, there is not a simple formula like
the KN black holes for overcharging condition. However,
from Fig.1, we can see that there is a negative minimum
value for f(r) for any black hole solutions. If this min-
imal value becomes positive, the black hole horizon is
destroyed. Therefore, here we define a function of λ as
h(λ) = f (rm(λ),M(λ), Q(λ)) , (55)
where rm(λ) is defined as the minimal radius of the func-
tion f(r,M(λ), Q(λ)), and it can be determined by
∂rf (rm(λ),M(λ), Q(λ)) = 0 , (56)
which gives
M =
2rmβ
(
γm − r2mβ
)
3
+
2Q2K(rm)
3rm
, (57)
6where we denote
γm =
√
Q2 + r4mβ
2 . (58)
According to the stability assumption, the perturbed
geometry at the late times should be described by the
EBI solution. That is to say, if there exists a spacetime
solution φ(λ) such that h(λ) > 0, the WCCC is vio-
lated. Considering the second-order approximation of λ,
we have
h(λ) = 1 + 2r2mβ
2 − 2βγm − 2λ
rm
(
δM − QK(rm)δQ
rm
)
+ λ2
[
2β2δr2m(γm − r2mβ)
γm
+
δQ2
2
(K(rm)
r2m
+
β
γm
)]
− 2λ
2QδQδrm
(
r2mβ +K(rm)γm
)
r3mγm
+
2λ2δMδrm
r2m
− λ
2
rm
(
δ2M − QK(rm)δ
2Q
rm
)
.
(59)
Taking the variation of (56), we can obtain
δrm =
QδQ
[
r2mβ +K(rm)γm
]− rmγmδM
2r3mβ
2(γm − r2mβ)
. (60)
Following a similar setup with [27], here we consider
the case where the background geometry is a nearly ex-
tremal EBI black hole which satisfies rm = (1 − )rh
with some small parameter  chosen to agree with the
first-order perturbation of the matter source. Then, Eq.
(56) implies that
∂rf (rh,M,Q) = rh∂
2
rf (rh,M,Q) (61)
under the first-order approximation of . Therefore, we
have
f(rm,M,Q) = f (rh(1− ),M,Q)
' −rh∂rf(rh,M,Q) + 
2r2h
2
∂2rf(rh,M,Q)
= −1
2
2r2h∂
2
rf(rh,M,Q)
(62)
under the second-order approximation of , which gives
1 + 2r2mβ
2 − 2βγm =
(
1− 2Q
2β
γ
)
2 (63)
Utilizing the optimal condition (35) of the first-order
perturbation as well as the second-order inequality (54),
together with above results, we can further obtain
h(λ) =
(
1− 2Q
2β
γ
)
2 +
2λQβδQ
γ
− λ
2δQ2
2
(
1
r2h
+
β
γ
)
= −2β
2(QδQ− r2h)2
r2(1 + 2β2)
(64)
under the second-order approximation of the collision
matter source. The last step we have replaced rh by the
radius re of the extremal case under the second-order ap-
proximation since here we can neglect the difference of rm
and rh. The above expression gives h(λ) < 0 under the
second-order perturbation, which implies that the EBI
black holes cannot be overcharged when the second-order
perturbation is taken into account.
VI. CONCLUSION
Recently, Sorce and Wald suggested a new version of
gedanken experiments to test the WCCC and found that
it is valid for KN black hole under the second-order ap-
proximation of the collision matter source. Following this
setup, it also has been investigated in various theories
[29–31, 33]. However, all of these theories only consid-
ered the case of the gravity coupled to nonlinear elec-
trodynamics. After considering the correction of string
theory, nonlinear electrodynamics shall be added to the
Einstein gravity. Therefore, in this paper, we considered
the EBI gravity and tested the WCCC for its static black
hole solutions. First, based on the Iyer-Wald formalism
as well as the null energy condition of the matter fields,
we derived the first two perturbation inequalities in EBI
gravity. As a result, we found that the nearly extremal
static EBI black holes cannot be overcharged under the
second-order approximation. Therefore, there is no vio-
lation of the WCCC occurs around the static black holes
in EBI gravity. This result might indicate that once this
black hole is formed, it will never be overcharged classi-
cally. Moreover, our result at some level hints at the va-
lidity of the weak cosmic censorship conjecture for string
theory.
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